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In this paper we present two different solutions to the problem of zero mode localization of ELKO
spinor. In a recent paper the present authors reopened this problem since the solution presented
before did not satisfy the boundary condition at the origin. The first solution is given by the
introduction of a mass term and by coupling the spinor with the brane through a delta function.
The second solution is reached by a Yukawa geometrical coupling with the Ricci scalar. This two
models changes consistently the the boundary condition at infinity and at the origin. For the case
of Geometrical coupling we are able to show that the zero mode is localized for any smooth version
of the RS model.
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2I. INTRODUCTION
The a idea that space-time has more than four dimension has drawn some attention of the community in the past
after the idea of Kaluza and Klein about compact extra dimensions. The main idea is that the extra dimension are
so tiny that can not be observed and in this way the ”escaping” of the fields to the extra dimensions becomes a small
correction [1]. Depending on the compactification and the number of dimensions different kinds of fields in the lower
dimensional theory can be obtained[2]. In fact these models provide us with a plethora of massive states, the zero
mode being just a particular case.
In the late 90 models considering the universe as a branes in a higher dimensional gained much attention again
[3]. A scenario considering our world as a shell has been proposed in [4] and further developed in [5–7]. Probably
based in [4] Lisa Randall and Raman Sundrum (RS) proposed another scenario with four dimensional branes in a five
dimensional space with negative cosmological constant. In this scenario two different models has been considered: In
the type I RS a compact space with two branes and a Z2 symmetry is used, solving the hierarchy problem [8]. Being
a model with compact dimension the dimensional reduction works in a very similar way to the KK model; In the type
II RS model just one brane embedded in a large extra dimension space is considered. The extra dimension is curved
by a warp factor such that the model has been considered as an alternative to compactification [9]. As a model for
large extra dimensions the issue of zero mode localization of fields is important. In fact in the last ten years the zero
mode localization of gauge field has becomes a drawn back in these model. This localization is necessary since in
a four dimension space fields propagating into the bulk can not be observed. Moreover, it has been found that the
zero mode of gravity and scalar fields are localized [9, 10] in a positive tension brane. However, due to its conformal
invariance the vector field is not localized, which is a serious problem for a realistic model.
The solution to the above problem has been studied in many ways. For example, some authors introduced a dilaton
coupling to solve the problem [11], and others like in [12] proposed that a strongly coupled gauge theory in five
dimensions can generate a massless photon in the brane. Generalization considering anti-symmetric fields can also
be found in the literature [13–20]. Most of these models introduces other fields or nonlinearities to the gauge field
[21]. However there has been two proposes that do not introduces new fields neither nonlinearities. One is by the
introduction of a mass term and a delta interaction with the brane [22]. This kind of model has been generalized to
consider smooth branes and to p−forms by the present authors in [23]. The other is a very recent model in which
the gauge field is coupled to the Ricci scalar, what was called a geometrical coupling [24, 25]. Similar ideas has been
used before but by coupling with the field strength [26]. By another hand, an interesting viewpoint is related to
models where membranes are smoothed out by topological defects [27–30]. The advantage of these models is that the
δ-function singularities generated by the brane in the RS scenario are eliminated. This kind of generalization also
provides methods for finding analytical solutions [31, 32].
Studies of matter fields with half spin has also been considered for cases with and without an interaction term,
where localization and resonances are studied [33–43]. Another kind of fields that can be considered is the ELKO
spinor. This field has spin 1/2, mass dimension one and can be considered as a first-principle candidate of dark
matter [44–48]. For more explanations and references see for example Ref. [49]. In the framework of braneworld
scenarios, the localization of ELKO spinors on branes has been considered in Ref. [50]. However the present authors
showed very recently in Ref. [51] that the affirmation of the last authors that the zero mode of this field is localized is
equivocated. This reopened the problem of the localization of ELKO spinor. Here we show that the previous proposes
of the present authors to solve the problem of p−form field localization in Refs. [23, 24] can also be used to this
problem. We show that for specific values of the coupling constant we can have localized zero modes for the ELKO
spinor. This rises the same and interesting question about the origin of this kind of coupling.
This paper is organized as follows: second section gives a review about the way to obtain the mass equation for
the ELKO spinors. Third section is devoted to study the solution to the problem by using a mass term and a cubic
interaction with the delta function. In the fourth section we use the geometrical coupling as another solution the the
localization of the zero mode. Finally in the fifth section we discuss the conclusions and perspectives.
II. REVIEW OF LOCALIZATION OF 5D ELKO SPINORS WITH COUPLING TERM ON
MINKOWSKI BRANE
In this section we will make a review of localization of 5D ELKO spinor, based in [50]. The action used in the cited
article for ELKO spinor is
S =
∫
d5x
√−g
[
−1
4
(
DMλD
M λ¯+DM λ¯D
Mλ
)− ηF (z)λ¯λ] , (1)
3where η in a coupling constant, F (z) is a scalar function of conformal extra dimension z and DM is the covariant
derivative defined as
DMλ = ∂Mλ+ΩMλ. (2)
As show in [50] the nonvanish components of spin connection are
Ωµ =
1
2
A′(z)γµγ5, (3)
where primes denotes derivative with respect to the argument, A(z) is the conformal warp factor gMN = e
2A(z)ηMN
and ηMN = Diag.(−1, 1, 1, 1, 1). Taking the variation of action in respect to λ¯ we obtain the equation of motion
DM
[√−gDMλ] − 2η√−gF (z)λ = 0, (4)
using the metric and the nonvanish components of spin connection, we can write the above equation in the form
ηµν∂µ∂νλ−A′(z)γ5ηµνγµ∂νλ−A′2λ+ e−3A(e3Aλ′)′ − 2ηe2AF (z)λ = 0 (5)
Due the term A′(z)γ5η
µνγµ∂νλ the authors of [50] propose a decomposition of ELKO field as λ = λ+ + λ−, where
λ± = e
−3A/2
∑
n
αn(z)λ˜
n
±(x) = e
−3A/2
∑
n
αn(z)
[
ςn±(x) + τ
n
±(x)
]
. (6)
ςn±(x) and τ
n
±(x) are two independent 4D ELKO field which satisfy the Klein-Gordon equations τ
n
±(x) = m
2
nτ
n
±(x),
ςn±(x) = m
2
nς
n
±(x) and the relations γ
5τ± = ∓ς±, γ5ς± = ±τ±. This decomposition in eq. (5) leads to
α′′n(z)−
(
13A′2
4
+
3A′′
2
−m2n + imnA′(z) + 2ηe2AF (z)
)
αn(z) = 0, (7)
with the normalization condition ∫
α∗nαmdz = δmn. (8)
The eq. (7) is the general equation of localization coefficients αn. In following sections we will compute this coefficients
for some functions F (z).
III. LOCALIZATION OF 5D ELKO SPINORS WITH 4D AND 5D MASS TERM
In this section we will compute explicitly the solution of eq. (7) in case that F (z) is a 5D mass and a 4D mass
term, i.e.
ηF (z) =
1
2
(
M2 + cδ(z)
)
. (9)
These kind of coupling has used for p-form field and provide an efficient mechanism to trap the zero modes [23]. In
this case the equation of αn can be written as
α′′n(z)−
[(
19k2
4
+M2
)
[k|z|+ 1]−2 + (c− 3k)δ(z)−m2n − imnk sgn(z)[k|z|+ 1]−1
]
αn(z) = 0, (10)
where we used the conformal Randall-Sundrum warp factor
A(z) = − ln[k|z|+ 1]. (11)
For the zero mode, m0 = 0, the eq. (10) provides the solution
a0 = C+(k|z|+ 1)1/2+ν + C−(k|z|+ 1)1/2−ν (12)
where C+ and C− are constants and ν is given by
ν =
√
5 +M2/k2. (13)
4The boundary condition at origin imposes the relation between the constants
(2k(2 + ν)− c)C+ + (2k(2− ν)− c)C− = 0. (14)
To obtain a convergent solution we must to fix
c = 2k(2− ν). (15)
This procedure leads to the normalized convergent solution
a0 =
(k|z|+ 1)1/2−ν√
k(ν − 1) . (16)
As we can see from eqs. (13) and (15) it is not possible vanishM and c at same time and keep the solution convergent.
In this point the ref. [50] is incomplete, because its not satisfy the boundary condition at z = 0.
For massive modes the field eq. (10) can be written in the form
a′′n(z)−
[(
19k2
4
+M2
)
[k|z|+ 1]−2 + (c− 3k)δ(z)−m2n − imnk sgn(z)[k|z|+ 1]−1
]
an(z) = 0. (17)
The above equation has as solution
an(z) = C1θ(z)M1/2,ν (i2mn/k(k|z|+ 1)) + C2θ(−z)M−1/2,ν (i2mn/k(k|z|+ 1)) +
+C3θ(z)W1/2,ν (i2mn/k(k|z|+ 1)) + C4θ(−z)W−1/2,ν (i2mn/k(k|z|+ 1)) , (18)
where C1, C2, C3 e C2 are constants which must satisfy the following boundary conditions
C1M1/2,ν (2imn/k)− C2M−1/2,ν (2imn/k) + C3W1/2,ν (2imn/k)− C4W−1/2,ν (2imn/k) = 0 (19)
4imn
[
C1M
′
1/2,ν (u) + C2M
′
−1/2,ν (u)
]
− (c− 3k)(C1M1/2,ν (imn/k) + C2M−1/2,ν (imn/k)) +
+4imn
[
C3W
′
1/2,ν (u) + C4W
′
−1/2,ν (u)
]
− (c− 3k)(C3W1/2,ν (imn/k) + C4W−1/2,ν (imn/k)) = 0. (20)
At this point could be interesting localize a specific massive mode to model the dark matter by ELKO spinor without
the Higgs mechanism, but due the argument of Whittaker function be complex it is not possible to find a coupling
constant c which localize any massive mode. So, to keep the ELKO spinor as a candidate to dark mater the Higgs
mechanism is still necessary.
IV. ELKO SPINOR WITH GEOMETRICAL COUPLING
In this section we will use the geometrical coupling, which consist in a Yukawa interaction with the Ricci scalar.
This kind of coupling has used for p-form and provides a second efficient method to localize the zero modes [24, 25].
In RS brane it provides an natural source for the coupling term used in previous section. The action is given by
S =
∫
d5x
√−g
[
−1
4
(
DMλD
M λ¯+DM λ¯D
Mλ
)− ηRλλ¯] , (21)
i.e., is equivalent to make F (z) = R in (1). In conformal coordinates the Ricci scalar is given by
R = −4(2A′′ + 3A′2)e−2A, (22)
and the field equation (7) can be written as
a′′n(z)−
[(
13
4
− 24η
)
A′2 +
(
3
2
− 16η
)
A′′ −m2n + imnA′(z)
]
an(z) = 0. (23)
Like in refs. [24, 25] we will propose a solution for zero mode in the form
a0 ∝ eγA, (24)
5so that the field equation provides the condition for this kind of solution(
γ2 − 13
4
+ 24η
)
A′2 +
(
γ − 3
2
+ 16η
)
A′′ = 0. (25)
As we can see form (24), to obtain a convergent solution is necessary that γ > 0. With this restriction the eq. (25)
provides as solution γ = 2 e η = −1/32. Therefore in this model the localization of the zero mode is guaranteed for
any smooth version of RS model. This solves the problem of zero mode localization of ELKO spinors. To obtain
explicit solutions, as well as the massive modes, we must to use specific scenarios, i.e., explicit warp factors. This is
what we will compute in following subsections.
A. Randall-Sundrum brane
The first case that we will compute the explicit solution is the Randall-Sundrum brane scenario. In this case the
warp factor in a conformal coordinate is given by
A(z) = − ln[k|z|+ 1]. (26)
Replacing this warp factor in (24) we obtain the normalized convergent solution for zero mode,
a0 =
√
2
3k
(k|z|+ 1)−2. (27)
Comparing with the solution obtained in Sec. III, we conclude that the geometrical coupling is equivalent to make
M2/k2 = 5/4, and from (15), c = −k. This correspondence occur due the fact that the geometrical coupling in a
Randall-Sundrum case reduces to
ηRλλ¯ =
1
2
(
5
4
k2 − kδ(z)
)
λλ¯, (28)
i.e., an equivalent term used in Sec. III. Due this equivalence the massive modes is given by
an(z) = θ(z)
[
A1M1/2,5/2 (i2mn/k(k|z|+ 1)) +B1W1/2,5/2 (i2mn/k(k|z|+ 1))
]
+
+θ(−z) [A2M−1/2,5/2 (i2mn/k(k|z|+ 1)) +B2W−1/2,5/2 (i2mn/k(k|z|+ 1))] , (29)
where A1, A2, B1 e B2 are constants which must satisfy the following conditions
A1M1/2,5/2 (u0)−A2M−1/2,5/2 (u0) +B1W1/2,5/2 (u0)−B2W−1/2,5/2 (u0) = 0
u0
[
A1M
′
1/2,5/2 (u) +A2M
′
−1/2,5/2 (u)
] ∣∣∣∣
u=u0
+2
[
A1M1/2,5/2 (u0) +A2M−1/2,5/2 (u0)
]
+
+u0
[
B1W
′
1/2,5/2 (u) +B2W
′
−1/2,5/2 (u)
] ∣∣∣∣
u=u0
+2
[
B1W1/2,5/2 (u0) +B2W−1/2,5/2 (u0)
]
= 0 (30)
where u0 = 2imn/k. Due the asymptotic behavior of Whittaker functions with complex argument is not possible to
find a convergent solutions, i.e., the massive modes are non-localized.
B. Smooth brane
In this section we will use the following smooth warp factor [52, 53]
A(z) = − 1
2n
ln
[
(kz)
2n
+ 1
]
, (31)
which recover the Randall-Sundrum metric at large z for n integer. Replacing this warp factor in (24) we find the
normalized convergent solution for zero mode
a0 =
√
k
2
Γ(2/n)
Γ(3/2n)Γ(1 + 1/2n)
[(kz)2n + 1]−1/n. (32)
6In massive case the field equation can be written as
a′′n(z)−
[
6
(kz)2n−2k2
[(kz)2n + 1]
− 4(n+ 1) (kz)
2n−2k2
[(kz)2n + 1]2
−m2n − imn
(kz)2n−1k
[(kz)2n + 1]
]
an(z) = 0. (33)
The solution of massive modes can not be find analytically, but since the asymptotic behavior is the same of Randall-
Sundrum case we can conclude that it is not possible to find a convergent solution. Due the imaginary massive term
is not possible to use the transference matrix method to study the unstable massive modes.
V. CONCLUSION
In this paper we used two different methods to localize the zero mode of ELKO spinor. This problem has been
reopened since the results of Ref. [50] was shown to be equivocated in Ref. [51]. The fist method discussed in this
work is the inclusion of 4D and 5D mass terms. We find the relation between this two mass terms which localize
the zero mode. This result show that it is not possible to vanish booth contributions for a localized solution, in
disagreement with the results obtained in [50]. This disagreement occur because the authors of cited article find a
convergent solution but they do not take into account the boundary condition at the origin. We also show that the
massive modes are non-localized for this new model. The reason is that the solution is given by Whittaker function
with complex argument, so it is not possible to find a coupling constant c which localize an specific massive mode to
model the dark matter by ELKO spinor without the Higgs mechanism.
The other method used to localize the zero mode of ELKO spinor is the geometrical coupling. In this model we
compute the coupling constant that localize the zero mode for all warp factor which has Randall-Sundrum asymptotic
behavior. We compute the explicit solution for Randall-Sundrum case and for a specific smooth brane scenario. Like
the previous mechanism the massive modes are non-localized. Due to the complex term in the potential the authors
has not been able to compute resonances and this is left to future work.
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